We investigated non-equilibrium thermodynamic theories for 4-component lead-free solders based on classical thermodynamics using one-dimensional oscillator model to obtain their specific heat and the coefficient of linear thermal expansion.
Introduction
Lead solder is said to be as much as 5000 years old. 1) However, old as it may be, it must be managed in new ways as of July 2006 in wake of the EU's RoHS Directive. 2) Recently, development has been underway to expand the scope of application of lead-free solder. 2, 3) At the same time, the demand for higher melting point lead-based solders is growing in particular because of higher temperature atmospheres used to bond high frequency modules, PDP and so forth. Nevertheless, despite worldwide research into high temperature solder (melting point of 260-340 C) of 80% or more lead, an effective material has yet to be found. 3) This is because, at higher melting points, the characteristics of all of the materials, including solder properties and safety, cannot be satisfied. 1, 3) However, searches are being aimed at material combinations that ensure material characteristics, but status charts have not been obtained for more than 99% of the multiple component alloys of three or more metals, leaving the situation pretty much unsolved. Even today, its realization has been difficult because of the extensive time and manpower required. [4] [5] [6] [7] [8] For this reason, theoretical studies have been recently promoted and developed [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . On the one hand, there are the K-T 12, 13) and G-L Theory 12, 13) that deal with target materials on the atomic level, while on the other hand is the so-called method of ''calculation of phase diagram (CALPHAD)'' that makes phase diagrams using calculations based on an applicable statistical thermodynamic model. [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] In the case of phase diagrams of some multiple-component alloys, it was difficult to obtain accurate experimental data that repeatedly fit with calculation data. Accordingly, in order to promote developments of higher temperature lead-free solders, it was necessary to develop a new method of thermodynamic analysis that included the non-equlibrium sate of lead-free solder.
The objectives of this paper are to theorize the nonequilibrium thermal dynamics for thermal behavior of 4component lead-free solder based on one-dimensional oscillator model, prove the effectiveness of the experimental formula in designing liquidus temperature using 2-component eutectic materials and derive expressions relating to specific heat and the coefficient of thermal expansion.
This one-dimensional oscillator model is a simple equation that successfully elucidates numerous phenomena; it has been used to theoretically deduce the molar specific heat of solids regardless of material, which explains Dulong-Petit's Law, 15, 16) theoretically analyze the atomic dynamics of crystals, 15, 18) conduct behavioral analyses of elastic waves of cubic systems, deduce the Bragg-Williams Model, 7, 8) etc.
For this reason, this one-dimensional oscillator model was used to derive a theoretical formula of non-equilibrium thermal dynamics for 4-component lead-free solder. In other words, the N c factor for non-equilibrium behavior was introduced into this one-dimensional oscillator model to build a theory and formula for estimating the liquidus temperature from combinations of 2-component eutectic solders.
Moreover, this theoretical model was used to investigate the correlation between specific heat and the coefficient of linear thermal expansion and search for ways to analyze thermodynamic characteristics such as specific heat and the coefficient of linear thermal expansion.
4-Component Non-Equilibrium Thermodynamic Model

Melting model for 2-component eutectic solders
In order to determine an alloy melting model of eutectic solder, 2-composition eutectic solder was taken as the basic structure. 3) Here, it was assumed that, if another 2-component eutectic solder of differing composition were added to the base 2-component eutectic solder, the two solders would not react with one another or, in other words, the material would be physically and chemically stable.
Accordingly, metals C and D are in an eutectic state, as are metals A and B. If mixed and melted together, the following two patterns are conceivable.
By the first pattern, if the AB or CD alloys are substances that would react when melted, such as A with C or A with D, then diverse physical and chemical reactions could occur. This possibility is illustrated in the model of Fig. 1 (A). In model (A), various alloys form and the various melting points of these alloys affect one another, making the solder conceivably unstable.
The second pattern envisions minimal reaction between alloys AB and CD, as shown in model Fig. 1(B) . Minimal reaction means that the kinetic diffusion of these alloys is considerably slow and reactions between AB and CD apparently occur little. If the alloys disperse within one another, temperature uniformity would be maintained, whereby stabilizing the melting point and making the material practical as a solder.
Based on these assumptions, this paper addresses alloy model (B) in which there is minimal reaction between alloys AB and CD.
Next, the validity of this melting model was investigated for 2-component eutectic solders.
In the previous paper, we reported the correspondence between the measured temperatures of solders and the design temperatures. 3) The above-mentioned 2-component eutectic solder was considered to be thermodynamically stable in Fig. 2 .
The weight percentages of five types of eutectic solders (Bi-Cu, Ag-Cu, etc.) were varied and the design temperature was predicted and compared against the measured liquidus temperature. In doing this, it was learned that the measured apparent liquidus temperatures corresponded to the design temperatures. Similar studies were conducted into a medium temperature material of Sn-Ag-Cu and a low temperature material of Sn-Bi-In. The measured temperatures of these solders also corresponded to the design temperatures. It was considered that this results showed the validity of this melting model for 2-component eutectic solders.
In addition, with eutectic alloys composed of metals A and B or C and D, either AB or CD generally has a larger weight ratio in lead-free solder. Therefore, studies looked at 2component eutectics in which AB accounted for about 10% of the weight ratio and CD for about 90%. Moreover, studies looked at modeling in which the melting point of AB was higher than that of CD.
One-dimensional oscillator model for 4-component
solders This one-dimensional oscillator model is a simple equation that successfully elucidates numerous phenomena; it has been used to theoretically deduce the molar specific heat of solids regardless of material, which explains Dulong-Petit's Law, [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] theoretically analyze the atomic dynamics of crystals, [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] conduct behavioral analyses of elastic waves of cubic systems, deduce the Bragg-Williams Model, [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] etc.
For this reason, this one-dimensional oscillator model was used to derive a theoretical formula of non-equilibrium thermal dynamics for 4-component lead-free solder. In other words, the N c factor for non-equilibrium behavior was introduced into this one-dimensional oscillator model to build a theory and formula for estimating the liquid phase temperature from combinations of 2-component eutectic solders.
The one-dimensional oscillator model is shown in Fig. 3 . It was assumed that AB was metal alloy and the interaction between AB and CD by potential energy was spring such as ''Dulong-Pepite thory''. The spring constant of AB was k a , the mass of AB was m a , the vibration speed was v a , the amplitude was ! a and the number of AB atoms was N a (Fig. 3) . Similarly for CD, the spring constant was k b , the Non-Equilibrium Thermodynamic Theory of 4-Component Lead-Free Solder mass was m b , the vibration speed was v b , the amplitude was ! b and the number of atoms was N b (Fig. 4 ).
solders introduced by non-equilibrium factor N c Figure 5 illustrates a model of alloy components AB and CD in which the temperature of a 4-component lead-free solder material is raised from T 0 to T c0 at which a state of equilibrium is achieved with internal energy of the solder material near to zero.
The total number of AB and CD was named N, with the number of AB was N a and the number of CD was N b . Moreover, in order to describe the non-equilibrium state, partial reactions of AB and CD were defined as AB-CD 3) and its number named N c .
With the model of Fig. 5 , studies were done into the possibility of some reaction between AB and CD, which for the most part there is not. The number of AB-CD prior to equilibrium is N c , whereas the number of CD-AB 3) near to equilibrium at temperature, T c0 , is N c0 and the number of AB is N a À N c . As for CD, since it originally accounted for about 90% of the material, most was considered to be unchanged, thus N b . Figure 6 shows the model when temperature is raised further from the state of equilibrium at T c0 , as time goes by, the temperature reaches the solidus temperature, T s . At the solidus temperature, T s , AB number (N a À N c0 ) with AB-CD being N c0 . CD is still N b . When temperature is raised further and time is allowed to elapse, C and D number N b at the T CD liquidus temperature of CD. And, if temperature is raised further, the total number of AB and CD at the liquidus temperature T 4ABCD at which AB-CD melts is N c0 .
If temperature is raised further to T AB , the number of A and B at this time is N a À N c0 , as each element is conceivably liquefied. An attempt was made to model this liquefaction using this one-dimensional oscillator model 3, 14, 23) as shown in Fig. 7 .
Experiments
Specimens
(1) Specimens of an SnBiAgIn system were prepared with In of an 8 mass% and Bi varied up to 0.5 mass%. Specimens were bonded to a Cu substrate on a hot plate at 300 C. (2) Specimens of a Zn-4.1Al base were prepared with 1.0 and 3.1 mass% of Cu, or Bi0.5Cu. In order to measure the coefficient of linear expansion, specimens were prepared to a length of 10 mm and cross-sectional diameter of 5 mm, and to measure specific heat, to a length of 1 mm and cross-sectional diameter of 5 mm.
Specimen analysis and evaluation
(1) A bond sample of the Cu substrate and SnAgBiIn solder was sliced and the cross-section was examined under SEM. The SnAgBiIn alloy was also melted and the cross-section observed under SEM. Moreover, a piece was cut off and the solidus temperature and liquidus temperature were measured by a differential scanning calorimeter. was measured using a thermal analysis system (EX-STAR6000 by Seiko Epson Corporation). The specific heat was measured using a thermal property measuring instrument (LFA-502 by Kyoto Electronics Manufacturing Corporation).
Results and Consideration
Verification of models and non-equilibrium factor
N c To express the state of non-equilibrium, it is necessary to introduce the N c factor for non-equilibrium into the onedimensional oscillator model. However, with high temperature lead-free solders, taking for example 4-component solders consisting of BiAg and BiCu systems, this former accounts for 90 mass% or more of the weight ratio because of its 262 C melting point, while this latter provides 10 mass% or less weight because of its 776 C melting point. This kind of system changes little even under ordinary heat cycling.
For this reason, studies were done using this N c factor and a medium temperature SnAg-BiIn solder of marked tendencies in heat cycling to simulate the changes of high temperature solder. In other words, the weight ratio of In in SnAgBiIn was increased and its cross-sectional behaviors were visually examined.
In weight ratio was increased and the behavior in the cross-section was as in Fig. 8 , which showed the change in SnIn weight of an Sn3.5Ag0.5Bi8In system by heat cycle count. The biggest change in these experiment results occurred with InSn 4 . Before the start of heat cycling, EPMA observations showed about 10% InSn 4 in the total image area. After 250 cycle, it showed about 30% InSn 4 in this area.
In this case, Bi was 0.5 mass% and In was 0.5 mass%. It is thought that the remaining 7.5 mass% of In reacted with Sn and separated out as InSn 4 .
From these findings, it is believed that the metal components formed some metallic compounds that promoted a state of continuing reactions, as was said before, hence explaining the behaviors of N c , which represents the transition to a state of non-equilibrium. Figure 9 shows this change as experiment results. It is understood from here that, as time elapses, reactive components transition to the stable state even though they continue to increase. Moreover, even in a mixed initial state, there are some reactants and they must be taken into consideration.
From the experiment results, the biggest area ratio was 37%. In other words, if this experiment result is taken as 100% and the specific heat of it is compared against the theoretic value, the result is Fig. 10 . At about 2000 cycles, N c converges on 37% of the image area for the most part. 
The components were believed to be alloy AB and CD, which mixed and formed some AB-CD and other compounds. This 4-component eutectic lead-free solder is composed of the two eutectic solders AB and CD, and the weight ratio of the CD eutectic matrix is 90 mass% or more. For this reason, when AB and CD mixed, the 10 mass% AB is viewed as the most affected. Now, the internal energy of these eutectic metallic alloy AB and CD was investigated. The spring constant of AB was k a , the mass of AB was m a , the vibration speed was v a , the amplitude was ! a and the number of AB was N a . Similarly for CD, the spring constant was k b , the mass was m b , the vibration speed was v b , the amplitude was ! b and the number of CD was N b .
Assuming that AB and CD will react slightly under temperature, because they are in a state of non-equilibrium, they change to AB-CD as time elapses. The number of AB-CD in this case is N c . At a certain point in time, they near a state of equilibrium for the most part. In the near-equilibrium state, the number of AB-CD is N c0 , the spring constant is k c , the mass of AB-CD is m c , the vibration speed is v c and the amplitude is ! c .
If the total number of AB, CD and AB-CD elements is taken as N, N can be expressed with the following equation.
The internal energy, U, of this one-dimensional oscillator model at this point in time is expressed with the following equation based on classical dynamics, wherein AB exists in a quantity of N a , AB-CD in a quantity of N c0 and CD in a quantity of N b because N a ) N c0 by means of N a À N c .
Assuming here that k a ; k b ; k c ; k, ! a ; ! b ; ! c ; !, m a ; m b ; m c ; m and v a ; v b ; v c ; v, eq. (3) is rewritten as follows.
The following is derived from eq. (4).
Deriving a non-equilibrium status from onedimensional oscillator model
The N c factor that expresses the non-equilibrium state of reacting AB-CD nears to N c0 at a point in time t ¼ 0 ; when t ¼ 0, N c ¼ 0. This was shown in Fig. 11 .
If 0 is the time at which CD-AB hardly reacts at room temperature, the internal energy, U, at that time is defined by the following equation in that AB is the number of N a because N a ) N c0 by N a À N c0 , AB-CD is the number of N c0 and CD is the number of N b .
Here, 0 is a coefficient and M is ½ð1=2ðk! 2 Þ þ ð1=2Þm v 2 Þ and this means energy constant of their own energy such as heat and vibration energy.
Correlation between internal energy and temper-
ature T is the temperature at which AB and CD react slightly to form AB-CD, and T 0 is the temperature at which AB and CD remain as they are. For AB and CD to become AB-CD, they need only to react slightly. If e 0 amount of energy is needed per unit of time to form one set of AB-CD, the energy required to produce N c in a state in which AB-CD is near to an equilibrium is N c Á e 0 (Fig. 12) . Assuming t to be the time taken by AB and CD to react slightly and form AB-CD, and the work equivalent to be J, the relationship of the following equation is obtained.
From eq. (6), t is expressed as follows. The temperature at that point in time is the solidus temperature of that metal. This is modeled in Fig. 3 and, as shown in the one-dimensional oscillator model drawn using classical dynamics in Fig. 13 , the springs between alloys disconnect after some of the metallic alloys melt.
In other words, th one dimensional oscillator model is in a stable state with very little change in internal energy. Accordingly, there is conceivably no change in time t of eq. (6).
In eq. (9), U=@t ¼ f1 À ð 0 = 0 Þt þ . . .g ¼ 0, therefore the following equation is obtained.
The following equation is derived from eqs. (8) and (10).
And, because T of eq. (11) nears the solidus temperature, the following equation is obtained.
4.2.5 Deriving T 4ABCD as the melting point of a 4component alloy For the three types of mixed alloys in AB, AB-CD and CD, the 4-component alloy of AB-CD is considered. The internal energy at the solidus temperature is considered. At the solidus temperature, T s , the metal does not melt perfectly.
The internal energy, U, at this point in time is expressed with the following equation because the number of AB-CD is N c0 .
Nonetheless, it is considerable that the internal energy hardly changes at temperature T 4ABCD . From this thought, the following equation is obtained.
From eq. (14), the following equation is derived.
The solder was modeled in the completely molten state as per Fig. 13 . If the solidus temperature, T s , is considered near to T CD and if AB-CD reaches the liquidus temperature, T 4ABCD , in the time c , as shown in Fig. 14, the following equation is obtained from eq. (15).
The following equation is derived from eq. (16).
4.2.6 Deriving T AB and T CD as the melting points of a 2-component alloy The internal energy of a 2-component alloy AB at the solidus temperature is considered. At the solidus temperature, T s , most of the metal is not melted. The internal energy, U, at this point in time is derived from the following equation because AB had N a based on N a ) N c0 by N a À N c0 .
In eq. (18), since there are no changes in internal energy over time, the following equation is obtained.
The following equation is obtained from eq. (19) .
Considering the solidus temperature, T s , nears T 0 and alloy AB reaches the liquidus temperature, T AB , in the time a , the following equation is obtained from eq. (20) .
The following equation is then derived from eq. (15) .
Similarly, T CD is obtained with the following equation. (22) and (23) .
If N a ¼ N c0 is in eq. (24), or in other words, if 90% or more of the AB and CD react, eq. (24) gives us the following equation.
Here, is (N=N C0 ). In other words, the following equation is a particular solution to eq. (25) .
Equation (26) has already been reported eq. (1) in the previous paper 3) and is understood as a particular solution. This suggested that the derived non-equilibrium theory using one-dimensional oscillator model was practical and that other thermodynqamic characteristics could be analyzed using this theory.
Correlation between specific heat at constant pres-
sure and coefficient of linear expansion using internal energy U obtained by one-dimensional oscillator model By the first law of thermodynamics, if the inherent internal energy is U and the total energy that includes working elements under heat is E, as shown in eq. (1), E is obtained with the following equation.
P is pressure and V is volume. Investigations were done as previous sections 4.1 and 4.2, but eq. (27) can be expressed as follows using a onedimensional oscillator model and eq. (6).
From eqs. (8) and (28), the following equation is obtained.
The specific heat at constant pressure, C p , is obtained for a constant pressure, P 0 , with the following equation.
V is expressed by area A and length L, and by eqs. (29) and (30), as follows.
If the coefficient of linear expansion is inserted as into eq. (31), the following equation is obtained.
Equation (33) can then be summarized as follows.
Here, ¼ P 0 A and ¼ MN c fð 0 = 0 Þ Á ½m c N c J=e 0 . The specific heat, C p , is understood to have a linear relationship with the coefficient of linear expansion, .
Application of linear correlation between specific
heat C p and coefficient of linear expansion to experiment values Actually, the results for specific heat at constant temperature and the coefficient of linear expansion from eq. (33) were used on specimens of a Zn-4.1Al base to which was added 1.0 and 3.1 mass% Cu. Similarly, the specific heat at constant temperature and the coefficient of linear expansion were measured for a Bi0.5Cu specimen. Also, the measured correlation 19) between C p and of SnAgCu, SnAgBiIn and SnBiAg solders from Table 1 were plotted to create an experiment version of eq. (33) in Fig. 15 .
The correlation model for the coefficient of linear expansion and specific heat was obtained from eq. (34), hence it is possible to predict specific heat from the coefficient of linear expansion.
These results show that it is possible to analyze the specific heat and coefficient of linear expansion as a physical model by using one-dimensional oscillator model that describes the state on non-equilibrium, which could not be done before with conventional thermodynamics equations based on equilibrium theory. This suggested that the derived non-equilibrium thory using one-dimensional oscillator model was practical and that other thermodynqamic characteristics could be analyzed using this theory.
Therefore, it is possible to search for lead-free solders for the currently targeted internal bonding of high frequency modules of cell phones as well as high temperature, high reliability fields such as PDP and automotive, using nonequilibrium theory and concrete analyses.
Conclusions
We investigated thermodynamic theories using onedimensional oscillator models based on the first law of thermodynamics and classical dynamics.
We analyzed In and Sn reactions in SnAgBiIn solder as a representative lead-free material and experimentally obtained an N c factor for expressing the state of non-equilibrium from the formation of metallic compounds. We then built a theory as one-dimensional oscillator model by approximating this N c factor, as a representation of the non-equilibrium behavior of high temperature lead-free solder.
Using this non-equilibrium model, the correlation between liquidus temperature and melting point was theoretically derived and a model for predicting liquidus temperature was derived using compounded eutectic solders of low to high temperature that were already obtained experimentally.
As a result, a comparison was made between the equation that derived the melting point from this one-dimensional oscillator model and the prediction model for 2-component eutectics, from which it was learned that this latter was a particular solution to this former equation.
Moreover, this theory was used to explore the correlation between specific heat and the coefficient of linear expansion, which was found to be linear in nature. When this was investigated using experiment values, the experiment values tended to be linear, indicating the possibility of analyzing thermodynamic characteristics such as specific heat and the coefficient of linear expansion using this theory.
From this, it was learned that non-equilibrium thermodynamic equations for lead-free solder can be expressed as onedimensional oscillator models based on the first law of thermodynamics and classical dynamics.
We want to establish detailed models for the melting process in a state of non-equilibrium by doing further experiments. 
